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Abstract. We define a new class of weighted Banach spaces of holomorphic 
functions in the upper half plane. Three basical theorems on these spaces 
are proved. Two of them investigate necessary and sufficient conditions on 
the weight function in order to obtain that the defined spaces are not the 
trivial ones. The third theorem deals with the behaviour at infinity of some 
holomorphic functions. These three theorems all are new and do not represent 
neither generalizations nor particular cases of any previous results. 



1. Introduction 

Let C be the complex plane and let R be the real axis. We use the following 
notations: the real part of .z G C is denoted by Re z; the imaginary part of z g C 
is denoted by Imz; and V stands for the upper half plane of C, i.e. V — {z\z E 
C,Imz > 0}. 

Definition 1.1. A function p : (0, cxo) (0, oo) is said to be weight function if 
and only if 

(1.1) inf p{t) > 0, Vc> 1. 

t,te[ic] 

Let p be any weight function. We introduce the notation 

II / IL = sup p(lmz)|/(z)|, 

where / is any holomorphic function in the upper half plane V. And, we define the 
spaces A(p) and X{p) as follows: 

• A(p) is a normed complex function space and / G A(p) if and only if / is 
such a holomorphic function in the upper half plane V that || / ||p < oo, and 
II / lip is the norm of / G A(p); 

• A(p) is a normed complex function space and / G \{p) if and only if / is a 
holomorphic function in V such that satisfies the following two conditions: 

1- ||/||p<oo, ^ ^ 

2. for every positive number £,e > 0, there exists a number c, c > 1 such 
that 

sup p(lmz)|/(z)| < £, 
where ICc — {z \ z ^ V , - < Imz < c, |Re z\ < c}, c > 1, 
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and II / lip is the norm of / e A(p). 

The spaces A(p) and X{p) are caUed weighted Banach spaces of holomorphic func- 
tions in the upper half plane. 

Here, in the present Section, the main definition and the main results are stated. 



Theorems 1.2 and 1.3 solve completely the problem whether the weighted Banach 



spaces are trivial or not by giving the corresponding necessary and sufhcient condi- 



tions on the weight function. Theorem 1.4 concerns the behaviour of some functions 
of A(p) at infinity. 

In Section ^ there are examples of such spaces and it is proved that the weighted 
Banach spaces of holomorphic functions in the upper half plane all are Banach 
spaces. 

In Section ^ we prove our main results. 

In this paper the main results are the following three theorems. 



Theorem 1.2. Let the function p : (0, cxd) — > (0, oo) meet the condition (1.1) 



Then the space A(p) ^ {0} if and only if there are two real numbers a, b such that 
(-l)lnp(<) > + V<> 0. 



Theorem 1.3. Let the function p : (0, oo) — > (0, oo) meet the condition (1.1). 
Then the space X{p) ^ {0} if and only if the following two conditions on the weight 
function p are fulfilled: 

1. there are two real numbers a,b such that 



(-l)lnp(<) > + Vt > 0; 



2. lim pit) = 0. 



Further, for brevity, by M f{y) we denote 

Mf{y)= sup |/(z)|, V2;>0,/eA(p), 

^,Im z—y 

where A(p) is any weighted Banach space of holomorphic functions in the upper 
half plane. 

Theorem 1.4. Let the function p : (0, oo) — > (0, oo) be such that 

inf p{t) > 0, Vc> 1, 

X{p) ^ {0}. 

// the holomorphic function f G A(p) \ {0} is such that 

. A^um ^ 

limmi < oo, 

t^oo t 

then for the limit value a — liminf '"-'^y^*) ^yg obtain a > — oo and 

lim (lnAf/(t) - at) = -oo. 
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2. Preliminary results 



2.1. Examples. We consider some examples of weighted Banach spaces of holo- 
morphic functions in the upper half plane. 



Example 2.1. Let p{t) = 1, \/t > 0. Then the condition ( |l.l| ) is fulfilled. Accord- 
ingly to the Definition LI the spaces A(p) and X{p) are well-defined. In particular, 

11/ lip = sup |/(z)|, 

2,Im 2>0 



and A(p) ~ H°° . The assertion A(p) — {0} is a consequence of Theorem 1.3 



Example 2.2. Let p{t) =t,\/t> 0. Then the condition (|L1|) is fulfilled. Accord- 
ingly to the Definition 1.1 the spaces K{p) and X{p) are well-defined. In particular, 



/ 



sup Imz|/(z)|. 



2,Im 2>0 



In order to charcterize the spaces A(p), A(p), we first recall the definition of Bloch 
spaces B and Bo in the open unit disk (for this definition see [Q) 

f ^ B <;=^ / is holomorphic function 

in the open unit disk such that 

sup (1 - |u;|^)|/'(u;)| < oo; 

w,\w\<.l 

feBo^ feB hm (1 - \w\^)\f'{w)\ = 0, 
where /' stands for the derivative of the function /, and lim is uniform with 

\w\-.l- 

respect to the argument of w. We set 



f e B,liRz > 0, 



Then by a simple computation we obtain the following characterization of the spaces 
A{p) and \{p): 



feBo 



9f e A(p), 
9f e A(p). 



Example 2.3. Let p{t) = t + e\ \/t > 0. Then the condition ( [LlD is fulfilled. 

Accordingly to the Definition 1.1 the spaces A(p) and X{p) are well-defined. In 
particular, 

11/ lip = sup (Imz + ei"-)|/(z)|. 

z,lm zX) 

The space A(p) does not contain any constant functions, and contains the function 
h, 

/l(^)=e2'^ lmz>0. 
Thus, A{p) is a proper subspace of the corresponding spaces of previous two exam- 



ples. The assertion X{p) = {0} is a consequence of Theorem 1.3 
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Example 2.4. Let p{t) = e*^ Vt > 0. Then the condition (^) is fulfiUed. Accord- 



ingly to the Definition 1.1 the spaces A(p) and A(p) are well-defined. In particular, 



sup \f{z)\. 

z.lm z>0 

The assertions A(p) = {0}, X{p) — {0} are consequences respectively of Theo- 



rems 1.2 and 



1.3 



2.2. The completeness of A{p) and X{p). 



Proposition 2.1. Let the function p : (0, oo) —>■ (0, oo) meet the condition {1.1). 
Then A(p) and X{p), both are Banach spaces. 

Remark 2.1. The main idea of the proof of Proposition 2.1 is demonstrated in |l]. 

Proof of proposition 2.1. It is sufficient to prove proposition 2.1 with additional 
assumption that A(p) ^ {0} and resp. \{p) ^ {0}. Thus let us assume the 
corresponding one. 

For brevity, we set Kic — {z\z^'D,^< Imz < c, |Rez| < c}, c > 1. 

First we shell prove that A(p) is complete. 

Suppose {/„}^i be any Cauchy's sequence in A(p). Then for every positive 
number e and for every c > 1 there is a number no such that Vm, n > no 

(2.1) sup p{lmz)\fn{z) - fm{z)\ < \\ fn ~ fm \\p < 6. 

Hence, in particular, 

sup \fniz) - f„iiz)\ < 



z,z€iCa inf p{t)' 

Thus we obtain that the sequence {fn}'^=i is uniformly convergent on any compact 
in the upper half plain V. Then there is a holoniorphic function / in P which is the 
uniform limit of {/njJ^Li on every compact in V. Therefore, by the inequality ( ^.l[ ) 
it follows 

sup p(Imz)|/„(z) - f{z)\ < e. 

z,z^K.c 

Hence, accordingly to the choise of c we obtain 

II fn - / lip < e, n> uq. 
In particular, f e A{p) and hm || /„ - / ||„ = 0. 

Thus we obtain that A(p) is complete and hence it is a Banach space. 
Second, we shell prove that X{p) is complete. 

Note X{p) is a linear subspace of the Banach space A{p). So, to obtain the 
completeness of X{p) it is enough to prove that X{p) is a closed subspace of A(p). 
We claim that X{p) is a closed subspace of A(p). 

Suppose {/n}^i is such a sequence of elements of X{p) that is convergent in the 
space A{p). Let / e A{p) be such that lim || /„ — / |L = 0. 

Then for every positive number e there is a number uq such that 

£ 

sup p(Imz)|/„(z) - /(z)| < -, Vn > no. 

2,Im2>0 ^ 
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Fix an n, n > no- Then it follows by /„ G X{p) that there is c, c > 1, such that 



Hence 



sup p(Iniz)l/„(z)l < 



sup p(Imz)|/(z)| < e. 



and therefore / € A(p). Thus the assertion which we claim above is proved. □ 
2.3. A preliminary lemma. 

Lemma 2.2. Let the function p : (0, oo) — > (0, oo) be such that the following two 
conditions are fulfilled: 

inf p{t) > 0, Vc > 1, 

t,te[ix] 

Hp) + {0}. 

^//e A(p)\{0} then 

1. InM/ is convex in (0,cxd); 

2. t/iere are tiwo numbers a, h such that 

In M f {t) > at + b, Vi>0. 



Proof of lemma 2.i. Let f, f Cz A(p) \ {0}, be an arbitrary non zero element of 
A(p). Then 

sup p{t)Mf{t) = II / II < 
t,t>o 

Hence 

sup Mf{t) < / \ Vc>l, 

and in particular the holomorphic in the upper half plane V function / is bounded 
in the band 

{z\z eV,- <lmz <c}, Vc > 1. 
c 

Then by the Phragmen-Lindelof principle we obtain that InM/ is convex in [-^j c], 
Vc > 1. Thus In A// is convex in (0, oo). 

So, the first assertion of Lemma |2.2| is proved. In order to prove the second 
assertion of this Lemma we set 

£ = {{u,v)\u> 0,v> \nMf{u)}. 

From the first assertion of Lemma |2.2| it follows that £ is an open convex subset of 
Euclidean plane {{u, w)|u e R, w G K}. Further, by / ^ it follows that there is t, 
t > 0, such that \nMf{t) ^ — oo (in fact this inequality holds for every t > 0, but 
we do not use it). Hence there exists a point (uo,wo), > 0, wq G which does 
not belong to £. Then there exists a line that distinguishes the set £ and the point 

Hence, there are two numbers a, b such that 

liiMf{t)>at + b, \ft>0. 
So, Lemma 2.2 is proved. □ 
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3. Proof of main results 



Proof of Theorem l.i. First we prove that if A(p) ^ {0} then there are two numbers 
a, b such that 

(-l)lnp(t) > ai + &, Vt>0. 

Suppose A(p) 7^ {0} and let f,f^ ^{p) \ {0} be an arbitrary non zero function 
that belongs to A(p). Then by Lema 2.2, there exist two numbers oq, bo such that 

lnM/(t) > aoi + 6o, Vt > 0. 
Further, by / G A{p) and p{t)Mf{t) < \\ f H^, Vt > 0, it follows 



lnM/(<) 
ant + bo, 



yt > 0. 



vt > 0. 



(-l)lnp(t) >(-l)ln||/||p- 
>(-l)ln||/||p- 
We set a = ao, 6 = 5o — In II / ||p and obtain 

(-l)lnp(t) >at + b, 

Thus we prove that if A{p) ^ {0} then the condition on the function p which is 
stated in Theorem |1.2| is fulfilled. 

With view to show A{p) ^ {0}, suppose that the function p satisfies condi- 
tion (1.1) and in addition there exist two numbers a and b such that 

(-l)lnp(t) > + Vi > 0. 

Then for such numbers a, b we set f(z) — ^-i-'^^+b^ where z e P. Then a direct 
computation shows || / ||p < 1. So, / € A(p) \ {0}. 
Thus the proof of Theorem is completed. 



□ 



Proof of Theorem [LJ. Suppose A(p) {0} and let f,f€ X{p)\{0} be an arbitrary 
non zero function that belongs to X{p). In particular, from the inclusion X(p) C A(p) 
it follows / e A(p) \ {0}. Therefore, by Theorem |l.2| the first condition on the 
function p is fulfilled. Furthermore, according to Definition 

0. 



Moreover, by Lemma 



Hence, 



\im^p{t)Mf{t) 

^, there exist two numbers oq, bo such that 
lrLMf{t)>aot + bo, Vt > 0. 



< liminfp(t) < limsupp(t) 



< limsupp(t) 



^at+b~{at+b) 

< limsupp(t)M/(t) lim e~ 



{at+b) ^ Q 



which yields lim p{t) 



0. 



Thus, as we assert in Theorem 1.3, both conditions on function p are fulfilled. 
Further, suppose that the function p meets the condition (1.1) and in addition 
the following two conditions are fulfilled, too: 
1. there exist two numbers a, b such that 



(-l)lnp(t) > + Vt>0. 



lim p(t) 
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We claim that A(p) ^ {0}. 

Indded, the function / defined by 

„i(a+l)z 

f{z) - Vz e V. 

Z + I 

belongs to X{p) \ {0}. One can verify this by a simple direct computation and we 
omit the details. 

Thus Theorem |l.3| is proved. □ 



Remark 3.1. In this remark, we explain the main idea of the proof of theorem 1.4 
In general, its feature is demonstrably application of scheme of Phragmen-Lindelof 
theorems generalizing the maximum modulus principle. Thus, for a given function 
belonging to X{p), some auxilliary holomorphic function is constructed and explored 
with the help of the usual maximum modulus principle. 



Proof of Theorem 1.4- Let / G A(p) \ {0} be such that 



. AnMm ^ 
limmt < oo. 

t^oo t 

In particular, from the inclusion \{p) C A(p), it follows / G A(p) \ {0}. Then by 



Lemma 2.2, there exist two numbers ao, 6o such that 

lnA//(i) > aoi + 6o, V<> 0. 
Hence liminf > set 

(3.1) a = liminf i^ii^. 

t— >CX3 t 

So, ao < a < cxD. In particular, 

F{z) = e^'^'fiz), Vz e V, 

is a well-defined holomorphic function in the upper half plane "D. We prove that 
the function F has the following properties: 

1. In MF{t) = In M f{t) — at,yt>0 — which is obvious and we omit the details; 



2. lnM_F is convex in (0, oo) — indeed, InMf is convex in (0, oo) by Lemma 2.2 
and hence, according to the previous item, lnAf_F is convex, too; 



liminf — — = — this follows immediately from both the equation (3.1) 

t^QG 

and the first item; 

\nMF is a decreasing function in (0, oo) — we deduce this from both the 
second and the third items: for arbitrary ti and t2, < ii < i2 < oo, and for 
i > t2 by the second item it follows 

\iiMF{t2) < ^—^ InMFih) + ^J-J± \nMF{t) 

t — ti t — ti 

and we obtain by the third item \nMF{t2) < In Afi^(ti), i.e. In Afi^ decreases 
in (0, oo); 

InAfi^ is bounded from above on [5,00) — it follows immediately from the 
previous item that InAfi^(t) < InAfF(i), Vi > i. Further from f e \{p) it 
follows that lnAf/(i) is finite and hence by the first item In A/F(i) is finite, 
too, which yields the boundedness of InAfi^ on [i, 00); 
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6. F{x + iy) tends uniformly to as |a;| — > oo, with respect to y, y G [-, c], where 
c > lis any. We obtain this by the corresponding property of the function 
/ G namely according to the Definition 

property. 

We set A 



1.1 



f{x + iy) has the same 



sup According to the fifth item A < oo. Moreover, A ^ 

2:,Im z>l 

because F is a non zero element of A(p). 

Note, according to the first item, the assertion of Theorem 1.4 can be stated in 
terms of the function F as follows 



(3.2) 



lim MF{t) = 0. 

t — *oo 



In order to prove the equation (3.2), we have to obtain that for every positive 
number e there exists a number j/^ > such that MF{t) < e, \/t > y^. 
Let £ be an arbitrary number such that e G (0, A). 

It follows by the sixth item of the above listed properties of the function F that 
there exists a number xi, xi > 0, such that 



sup \F{x + i) 

x,\x\>xi 

Further, we fix y^, j/^ > 1, in such a way that 



£ 

< -. 

- 2 



1 



sup 

y,v>Ve 



xl + {y+lf 



< 



2 A' 



We intend to show that MF{t) < £, Vt > y^. 
Let zq G P be such that Imzo > ye- 
Let r], f] > 0, be any. We set 

Ft 1, 2A 

yn = I + max < Im zq , — In — 
[ T] e 



Then it follows from the fifth item that there exists 



c,, > max{|Rezo|,xi} 



such that 



sup 



\F{z)\ < ^ 



2;, |Rc ^1 >a;,, ,Im 2:€^ 

We construct the rectangle TZ 

n = {z\ \Rez\ < Xr,,lmz G [1,?/,,]}, 
and define the holomorphic function G in the upper half plane V by 



G(z) 



z + iyt 



■F{z), 



Vz G V. 



By the choise of Xrp yri, ye it is easy to verify that the modulus |G| of the function 
G is less or equal to | on the boundary of the rectangle TZ. Indeed: 

• for z such that Rez G [— a;^,a;^], Imz = y^^, we obtain 



\Giz)\ 



-VVri 



z + iye 



\F{z)\ < e-'^y-'A < 



2' 
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• for z such that Rez G [— a;^,^^], Imz — 1, we obtain 

|G(z)| = e-" \F{z)\ < \F{z)\ 

and further there are two cases 
1. if |Rez| < x\ then we have to continue with the following inequalities in 
which we use the notation x = Re z 



\G{z)\ < 



+ [ye + 1)2 



< 



xl + {y, + 1)^ 



\F{z) 



< —rA = -, 
- 2A 2' 



2. if jRezj > Xl then it is obvious that |G'(z)| < |, 
i.e. in both cases |G(z)| < |; 
• for z such that Imz e [l,?/?;], |Rez| = we obtain 



\G{z)\ 



-7] Im z 



\Fiz)\ < \Fiz)\ < -. 



z + ly^ 

Thus, the modulus \G\ of the function G is less or equal to | on the boundary of 
the rectangle TZ. 

Then, by the maximum modulus principle, it follows 

sup \G{z)\ < ^, 



and hence, in particular, |G(zo)| < |. 
Therefore, 



+ iye 



Ve 

\zo\ 

ye 



Im zq 



Then |i^(zo)| < e because of the choise of rj. 
So, MFilmzo) < e. 

Thus the claim MF{t) < e, Vi > is proved. 
The proof of Theorem 1.4 is completed. 
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